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Abstract:  
It is well-known that following summing Feynman graphs, the fermion-boson coupling 
vertex is modified according to µµµµ γγ Λ+=Γ , with µΛ  representing non-divergent  
perturbative corrections.  Here, we calculate the anticommutators specified by 
{ }νµµν ΓΓ≡Γ ,21 , and then explore some consequences of employing these as a metric 
tensor ),,'( pqpg µνµν Γ≡  in momentum space.  The challenge is that µΓ  and µνΓ  must 
then be introduced in place of µγ  and µνη  throughout the Lagrangian density, denoted  ’, 
resulting in what appears, superficially, to be different physics from what is known and 
observed.  However, with a suitable reparameterization of fermion rest masses 'm , 
interaction charges 'e  and momentum vectors 'µp  into their observed counterparts m , e  
and µp , it turns out that  ’ can be made to describe physics identical to that of the 
customary QED Dirac Lagrangian density  at low photon momentum 0→µq , including 
the observed magnetic anomaly.  That is, we prove that one is able to obtain  ),,( µpem  = 
 ’ )',','( µpem  for 0→µq .  We find through the Ward-Takahashi identity, as summarized 
in Figure 2, that interaction vertexes are proportional to the difference between the 
ordinary and covariant momentum-space derivatives of the metric tensor, and thus an 
indicator of curvature.  Finally, we obtain additional non-longitudinal terms in the Ward-
Takahashi relation. 
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1.  Introduction 
 The successful explanation of the electron’s intrinsic magnetic moment, and then of its 
anomalous magnetic moment to eight- or nine-digit accuracy, establish quantum field theory 
(QFT) as the most accurate description of nature attained to date.  First, the Dirac equation 
predicts a gyromagnetic ratio 2=g  for the intrinsic magnetic moment 
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the electron, as a very good zero-order approximation. [1]  Second, Schwinger’s 1948 discovery 
[2] shows the gyromagnetic ratio in first order to be given by 00116141.1
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where 03599911.137/1=a  [3] is the modern-day low-probe-energy value of the running 
electromagnetic (fine structure) coupling.  Since Schwinger, even more-precise fits with 
phenomenological data have been obtained using higher-order electromagnetic loop diagrams as 
well as those for weak and strong interactions. 
 This understanding of anomalous magnetic moments originates from summing Feynman 
graphs for whatever interactions are being considered to whatever order is being considered, 
capturing these results in the form factors 21, FF , (see [4], equation (11.3.29)), and then 
modifying the Dirac matrices µγ  according to )',,()',,( pqppqp µµµµ γγ Λ+=Γ , for the 
fermion-boson vertex.  Above, µΛ  represents a finite (non-divergent) correction to this vertex, 
see, e.g., [5], pp. 343-345, and p, 'p  and q represent incoming and outgoing fermion momentum, 
and photon momentum, respectively.  The Lagrangian density used to obtain the anomalous 
magnetic moment is given by  µν
µν
µ
µ
µ
µ ψψψψψγψ FFmAei 41−−Γ+∂= , which corresponds 
to Dirac’s momentum space equation ( ) )()( puAepump σσΓ=−/  and Maxwell’s equation 
σ
σµµ
;FJ = .  It is important to observe that the correction µµγ Γ  is applied in the fermion-
photon interaction term ψψ µµ Ae Γ , but not in the kinetic term ψγψ µµ∂i . 
 Because the Dirac µγ  are related to the contravariant Minkowski metric tensor µνη  via 
the anticommutators ( ) { }νµµννµµν γγγγγγη ,2121 =+≡ , it is of interest to at least inquire, 
mathematically, about the anticommutation properties of the corrected matrices µΓ , by defining 
and then calculating the analogous anticommutators { }νµµν ΓΓ≡Γ ,21 .  What is especially 
interesting, is to then consider what the physics would be, if, hypothetically for now, this µνΓ , 
which approaches µνη  in the µµ γ→Γ  limit, were to be employed as the contravariant metric 
tensor µνµν Γ≡g  of a gravitational field.  If such a connection can be established, it may become 
possible to draw closer together, the seemingly-disparate theories of quantum fields for which 
the Dirac-Schwinger magnetic moment explanation is a central phenomenological foundation, 
and geometrically-based gravitation.  That is the subject of this paper. 
 
2.  Calculation of the Anticommutator Matrices { }νµµν ΓΓ≡Γ ,21  
 
 We begin with equation (11.3.29) from Weinberg’s definitive treatise The Quantum 
Theory of Fields [4], which is reproduced in (2.1) below: ( [ ]µννµµν γγγγσ −≡ i21 ) 
2 
{ } ),()()'()()','(),(),'()','( 222121 σσγσσσ νµνµµ pppp uqFppiqFuuppu −+=Γ . (2.1) 
The form factors F are related by: (see [4], equations (10.3.30), (10.6.17), (10.6.18) respectively) 
)()()( 2221 qGqFqF +=  (2.2) 
)(2)()( 22212 qmFqFqF += . (2.3) 
)(2)( 222 qmFqG −= . (2.4) 
 Schwinger’s magnetic moment calculation, which is a representative example of the use 
of these form factors, and which applies for 1<<α  when only electromagnetic interactions are 
considered, employs the particular form factors: 
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It is clear from this that 2/21 gmFF =+  specifies the gyromagnetic ratio.  (Contrast equations 
(9.136), (9.138) in [5].)  Now, we turn to the anticommutator calculation. 
 From (2.1), we define µΛ , and extract µΓ , as such: 
 
ν
µνµµµµ σγγ )'(2211 ppiFF −+=Λ+≡Γ . (2.6) 
We then define the anticommutator µνΓ  as the symmetric mathematical object: 
 { } { }νµµννµµν ΓΓ=ΓΓ+ΓΓ≡Γ ,2121 . (2.7) 
First, substituting (2.6) into (2.7), and using µννµµν γγγγη +=2 , we get: 
τσµσντµστνσµντσµτν
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γγγγγγγγγγγγη
)'()'(
)'(
2
232
1
218
12
1
ppppF
ppFFF
−−






+−−+
+−−+
+
−






−+−+
−+−+
−=Γ
. (2.8) 
We can factor out all of the σ)'( pp −  in this way because the σγ  with which these are summed 
hold the commutation position for σ
σγ )'(' pppp −=/−/ . 
 For the first-order term with coefficient 2181 FF− , we move all of the 
σγ  all the way to 
the right by repeatedly applying σµµσµσ γγηγγ −= 2 .  We find that all terms cancel identically: 
 
0=−+−+−+−+ µσνσµννµσνσµµνσµσννσµσνµ γγγγγγγγγγγγγγγγγγγγγγγγ . (2.9) 
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 For the second-order term with coefficient 22321 F , we repeatedly apply 
σµµσµσ γγηγγ −= 2  with suitable indexes, to move µγ  and νγ  into the middle, sandwiched by 
σγ  and τγ , in the form of the τνµσ γγγγ  term.  After several iterations, this all reduces to: 
 
µσντµστνσµντσµτν
ντµσντσµτνµστνσµ
ντσµτµνσ
γγγγγγγγγγγγγγγγ
γγγγγγγγγγγγγγγγ
ηηγηγ
+−−+
+−−+=
+− 88
. (2.10) 
 Returning to (2.8) using (2.9) and (2.10), this means that the covariant anticommutator is: 
 
( )τσντσµµνµνµν ηηηη )'()'()')('(224121 ppppppppFF −−−/−//−/−=Γ . (2.11) 
This matrix, µνΓ , is the end result of this anticommutator calculation.  For now, µνΓ  are merely 
mathematical objects, namely, the anticommutators { }µννµµν ΓΓ+ΓΓ≡Γ 21  of the µµµ γ Λ+≡Γ  
applied in the fermion-photon interaction term ψψ µµ Ae Γ  of the Lagrangian density . 
 If we want to think about this in a specific, simple case, we might apply the Schwinger 
form factors in (2.5) to write: 
 
[ ]τσντσµµνµνµν ηηηpi
αη )'()'()')('(
16 22
2
pppppppp
m
−−−/−//−/−=Γ . (2.12) 
It will also be helpful in our discussion to refer to: (from Weinberg [4], equation (11.3.31)) 
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 Now, looking at (2.11) and (2.12), we see that where 11 ≅F  and 02 ≅F , µνΓ  
approximates the Minkowski metric µνη  tensor of flat spacetime very closely, µνµν η≅Γ .  One is 
thus motivated to at least ask: what would it mean if, hypothetically, we tried to associate µνΓ  
with the metric tensor for a non-zero gravitational field by setting µνµν g=Γ , where µνµν η≠g  
contains a gravitational field?  What would the physics look like?  Would this contradict any 
important pedagogical or experimental results?  Can we retrieve from this, the known magnetic 
anomaly?  Does this explain anything new? 
 
3.  The Ward-Takahashi Identity and Covariant Differentiation in Momentum Space 
 
 If, as a hypothesis for exploration, we were to interpret µνΓ  as a metric tensor µνµν g=Γ , 
then we must use this tensor to raise and lower indexes and define matrix inverses, i.e., we must 
require that νµνσ
µσ δ=ΓΓ .  Further, µνΓ  must be involved in all couplings between vectors and 
4 
tensors in spacetime, and µΓ  must appear in place of µγ  at all vertexes, not only the fermion-
boson vertex ψψ µµ Ae Γ .  Additionally, a µνµν Γ≡)',,( pqpg  would not be the usual function of 
spacetime coordinates, )( σµν xg , but rather of momentum vectors ',, µµµ pqp .  Thus, a 
)',,( pqpgµν  as defined in (2.11) would be a metric tensor in momentum space.  We shall 
explore this latter feature momentarily.  Finally, because the )',,( pqpgµν  contain the Dirac µγ  
within, these can be used to operate on Dirac spinors, in the general form ψµνg , and one must 
pay careful attention to their commutivity properties.  This will be explored further in section 8. 
 Now, µνΓ  in (2.11) is not the only form of these anticommutators.  Starting with the 
Dirac equation ( ) 0u(p) =− mpµµγ  and its adjoint ( ) 0')'( =−mppu µµγ  for free fermions, it is a 
common technique to combine [ ]µννµµν γγγγη += 21  and [ ]µννµµν γγγγσ −= i21  into the 
expression µνµννµνµ σηγγγγ i22 −+−= , and thereby to rewrite Dirac’s equation in the form  
( ) u(p)u(p)1 νµµνν γσ =+ pip
m
 and the adjoint as ( ) νµµνν γσ )'('')'(1 pupippu
m
=− .  These are 
then combined to form ( ) ( )( )u(p)'')'(
2
1
u(p))'( νµνµµ σγ ppipppu
m
pu −++= , see [5], equation 
(9.136).  Stripping off the spinors and rearranging this as ( ) ( )µµνµν γσ ppmppi +−=− '' 2121 , we 
may use this “Gordon decomposition” to rewrite the vertex function (2.6) as:  
 
( ) ( )µµµ γ ppFmFF +−+=Γ '22121 . (3.1) 
 Again using { }µννµµν ΓΓ+ΓΓ≡Γ 21  in (2.7), the calculation is much more 
straightforward than the one in section 2.  One arrives easily at the alternative, contravariant 
anticommutator: 
 
( ) ( ) ( ) ( )( ) ( ) ( )νµµννµµνµν γγη ppppFppppFmFFmFF +++++++−+=Γ '''' 224122121221 . (3.2) 
 Equations (2.11) and (3.2) are totally equivalent via the Gordon decomposition, but for 
the fact that (2.11) is written in covariant and (3.2) in contravariant form.  This is done to place 
the momentum terms 'p , p  into contravariant form µ'p , µp  so their components are most 
easily specified.  Setting ( )µµ ppq −≡ '  where µq  is a massless vector boson (e.g. photon) 
momentum, so that ( ) µµµ qppp +=+ 2' , (3.1) and (3.2) become, respectively: 
 
( ) ( )µµµµ γ qpFmFF +−+=Γ 222121 , (3.3) 
( ) ( ) ( ) ( )( )
( )νµµννµνµ
µµνννµµνµν γγη
qqqpqpppF
qpqpFmFFmFF
++++
++++−+=Γ
224
22
2
24
1
2212
12
21
. (3.4) 
5 
It should be noted that (3.2), (3.4), with terms like ( ) µµµ qppp +=+ 2' , lend themselves 
naturally to representing the momentum µp  of a fermion interacting with a vector boson with 
momentum µq  or to representing just µp  alone, when 0→µq .  By contrast, (2.11), with terms 
like ppq /−/=/ '  and σσ )'( ppq −= , lends most naturally to representing a vector boson 
momentum µq , independently of any interaction with a fermion. 
 It is now extremely instructive to differentiate (3.4) with respect to the incoming fermion 
momentum νp .  But, we need to be careful because of the appearance of terms µp  in addition to 
νp .  For νp , it is clear that 1=∂∂ νν pp , as is seen for example, by recognizing that the second-
order Ward identity 
( )
µ
µ
µ
µ
µ
µ
µ γγ
pp
mp
p
Spp F
∂
Σ∂
−=
∂
Σ−−∂
=
∂
∂
=Γ
−1
'),0,(  includes  1=∂∂ µµ pp , 
where Σ  is the self-energy bubble in the fermion line  (see [5], equations (7.112), 
(7.113), (7.121), (7.122), and section 7.4 generally).  But what of terms such as νµ pp ∂∂ ?  Here, 
we apply the tensor relationship νµνµ δ=∂∂ pp , which is to say that 100 =∂∂ pp , 111 =∂∂ pp , 
etc., but 010 =∂∂ pp , etc., due to each of the four components of µp  being independent.  Where 
we must exercise special care is never to contract νµνµ δ=∂∂ pp , because this would yield 
4==∂∂ µµµµ δpp , which is incorrect, because 1=∂∂ µµ pp , as just discussed. 
 With this in mind, we differentiate (3.4) with respect to νp , showing the full calculation: 
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( ) ( )[ ] )',,(222
2244
2244
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, (3.5) 
where we have made use of (3.3) in the final step.  One may derive the similar expressions 
)',,(2'/)',,( 2 pqpFppqp µνµν Γ−=∂Γ∂ ; )',,(/)',,( 2 pqpFqpqp µνµν Γ−=∂Γ∂ . 
 If we now regard µνΓ  as a metric tensor µνµν g=Γ  in momentum space, then the relation  
)',,(2/)',,( 2 pqpFppqpg µνµν Γ−=∂∂  found in (3.5) makes it possible to write the Ward-
Takahashi identity in terms of this metric tensor as: 
 
)(')'(')',,()',,(
2
1 11
2
pSpSpqpq
p
pqpg
F
q
FF
−−
−=Γ=
∂
∂
−
µ
µν
µν
µ
, (3.6) 
and to write the 0→µq  Ward identity, which applies at ),0,( pp , as (see [5], equations (7.111), 
(7.112), and section 7.4 generally):  
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p
Spp
p
ppg
F
F
∂
∂
=Γ=
∂
∂
−
−1
2
'),0,(),0,(1
2
1
. (3.7) 
We are thereby able to relate these identities directly to the ordinary derivative of the metric 
tensor )',,( pqpg µν  in momentum space.  We shall momentarily consider covariant derivatives. 
 First, let’s simplify notation.  In spacetime, “,” and “;” denote ordinary and covariant 
derivatives, for example, αµνµν xgg a ∂∂≡,  and )0(,; ≡Γ+Γ+≡ µσσανσνσαµαµναµν gggg .  In 
momentum space, we similarly introduce “/” and “  ” to denote “ordinary” and “covariant” 
differentiation with respect to incoming fermion momentum µp , thus rewriting (3.6) and (3.7) 
with a “/” as: 
 ( ))(')'('2)',,(2)',,( 1122/ pSpSFpqpqFpqpgq FF −− −−=Γ−= µµνµνµ , (3.8) 
µµ
ν
µν /1
22/ '2),0,(2),0,( −−=Γ−= FSFppFppg . (3.9) 
 The Ward-Takahashi identities, of course, are vital to order-by-order renormalizability in 
gauge theory, so, it is desirable to make these as fundamental as possible to how we understand 
µνg  in momentum space.  In fact, just as the covariant derivative 0; ≡αµνg  in spacetime, we can 
use (3.5), compactly written as 02 2/ =Γ+ µνµν Fg , and which applies in general for )',,( pqp , to 
define the contracted covariant derivative in momentum space to be 0≡νµνg .  Thus, we define: 
 
)',,(2)',,(0)',,( 2/ pqpFpqpgpqpg µνµννµν Γ+=≡ . (3.10) 
Then, we rewrite (3.8) and (3.9) in terms of this contracted covariant derivative, as: 
 
( ))(')'('2)',,(2
)',,(2)',,(0)',,(
11
22
2/
pSpSFpqpqF
pqpqFpqpgqpqpgq
FF
−−

−+Γ−=
Γ+=≡
µ
µ
µ
µν
µν
µν
µν
µ
, (3.11) 
µµµ
ν
µν
ν
µν /1
222/ '2),0,(2),0,(2),0,(0),0,( − +Γ−=Γ+=≡ FSFppFppFppgppg . (3.12) 
This embeds the Ward-Takahashi identities into the momentum space metric tensor directly 
through how we define covariant differentiation.  Of course, in spacetime, the Christoffel 
connections ( )ναβαβνβναµναβµ ,,,21 gggg −+≡Γ  are used to define covariant derivatives, which, 
for a second rank tensor such as µνg , are given by )0(,; ≡Γ+Γ+= µααβναναβµβµνβµν gggg .  
Thus, we must relate (3.10) to a more-general definition of covariant differentiation in 
momentum space.  More to the point, we must define covariant differentiation in momentum 
space, via a suitable set of connections αβµΓ , such that (3.10) is satisfied identically.  If we can 
do so, then (3.11) would tell us something very fundamental about interaction vertexes in 
momentum space:  
7 
 Specifically, we now draw (3.11) in terms of its associated Feynman graphs, as in Figure 
1 below (see [5], Figure 7.4): 
 
Then, we simply divide out the µq , to obtain: 
                    
 
 Figure 2 now reveals that the difference between the contracted covariant and ordinary 
derivatives of the momentum space metric tensor, is equal to the scattering vertex times twice the 
form factor 2F .  We know, however, that the Riemann curvature tensor βµναR  in spacetime is 
defined as a measure of the degree to which covariant derivatives do not commute, that is, by 
µνβνµβαβµν
α
;;;; AAAR −≡ .  Where the covariant and ordinary derivatives are identical, for 
example, 0,; =− νµννµν gg , there is no curvature, 0=βµναR .  If this can be carried over into 
momentum space through a suitable definition of Christoffel (affine)-type connections αβµΓ  and 
a curvature tensor βµναR , and if we can do this in a way that retains the experimental 
phenomenology of the magnetic moment anomaly without compromise, then Figure 2 would 
mean that in quantum field theory, interaction vertexes are proportional to the geometric 
curvature of momentum space, that is, “ curvatureninteractio ∝ .”  If sustainable, this would place 
quantum field theory onto a firm, general relativistic footing, with the Ward-Takahashi identity 
standing at the center of this relationship.  This provides a strong motivation to carefully consider 
the µνµν Γ=g  hypothesis. 
 
4.  Christoffel Connections and Riemann Curvature in Momentum Space; Non-
Longitudinal Takahashi Terms 
 
 We first define a set of Christoffel (affine)-type connections in momentum space in the 
same manner as in spacetime: 
 ( )ναβαβνβναµναβµ ///21)',,( ggggpqp −+≡Γ . (4.1) 
So too, we define covariant differentiation as in spacetime.  So, σµα
σ
αµαµ AApqpA Γ−≡ /)',,( , 
for example.  And, for µνg , (4.1) ensures, by identity, that: 
 
8 
0)',,( / =Γ−Γ−≡ µσανσσνµασαµναµν gggpqpg . (4.2) 
 Now, from (3.4), we may calculate the ordinary derivative of µνg  to be: 
 ( ) ( )ανανµαµαµναµν /21/2/21/2/)',,( qpFqpFpqpg +Γ−+Γ−= . (4.3) 
From (3.4) and (4.1), we may also calculate the connections (note αβαββα gpp == // ): 
 
( )
( ) ( )ναανµνβνββνµνα
αββααββα
µ
αβµ
//24
1
//24
1
////24
1 22)',,(
qqgFqqgF
qqppFpqp
−Γ+−Γ+
++++Γ+=Γ
 (4.4) 
Using (4.2) and (4.4), we may then calculate for )',,( pqp , that: 
  ( ) ( ) αµνανανµαµαµνµσανσσνµασ //21/2/21/2 gqpFqpFgg =+Γ−+Γ−=Γ+Γ . (4.5) 
This confirms that 0)',,( =αµν pqpg  and serves as a check on (4.4).  The contraction of (4.3), 
using νµ
ν
µ δ=/p  and 1/ =ννp , yields: 
  ( ) ( )ανσµσναµααννµνµνµνµν Γ+Γ=Γ+Γ+Γ−= ggqqFpqpg /41/412/ 2)',,( . (4.6) 
It is also helpful to be aware of: 
 
( )µααµµµαα /212/)',,( qFggpqp Γ+Γ=−−=Γ . (4.7) 
 Now, we employ (4.6) in the Ward-Takahashi identities (3.11), (3.12).  Equation (3.11) 
for Takahashi now becomes: 
 ( )
( ) ( ))(')'('22
2)',,(0)',,(
11
2
/
4
1/
4
1
2
/
4
1/
4
1
2
/
pSpSFqqqqqF
qqqqqFpqpgqpqpgq
FF
−−

−+Γ+Γ+Γ−=
Γ+Γ+Γ+==
ν
ν
µ
µ
ν
µ
µ
ν
µ
µ
ν
ν
µ
µ
ν
µ
µ
ν
µ
µ
ν
µν
µν
µν
µ
. (4.8) 
For 0→µq , this reduces, unmodified, to the Ward identity (3.12): 
 
µµµ
ν
µν
ν
µν /
1
222
/
'222),0,(0),0,( − +Γ−=Γ+== FSFFFppgppg . (4.9) 
 Because the Ward identity emerges naturally from the definition of covariant 
differentiation in momentum space, this means, when other vectors and tensors are covariantly 
differentiated in the usual way using the momentum space Christoffel-type connections αβµΓ , 
that we are implicitly using the Ward identity to drive the differentiation, and that this identity 
will therefore be satisfied whenever we take a covariant derivative.  This may help achive 
renormalizablity. 
9 
 What is also of interest is that for )',,( pqp  generally, the Takahashi generalization (4.8) 
obtains extra terms in addition to the usual longitudinal µµqΓ , when it is obtained through 
covariant differentiation in momentum space.  Renaming dummy indexes in (4.8), we find: 
 ( )
( ) ( )ανσσναµααµ
µ
ν
ν
µµ
ν
νµν
µν
µν
µν
µ
Γ−Γ−=−=
Γ++=−
−−

qgqpSpSF
qqqqqFpqpgqpqpgq
FF )(')'('2
2)',,()',,(
11
2
/
4
1/
4
1
2
/
. (4.10) 
This leads to a modification of Figures 1 and 2, into the form: 
          
Figure 3 
 
 It is possible that the extra terms νν
µµ
ν
ν /
4
1/
4
1 qqqq ++  multiplying the vertex can help to 
better develop transverse generalizations of Takahashi.  For example, from (4.8), using 
νµ
µ
σµν
µσ
ν
µ
µ /// qqqqgqq += ;  ( ) ννµννµννµ qqqqqq /// −= , and 0=σσ qq  for a massless on-shell 
photon in ( ) ( ) νσµµσσµνµσνσµµσ /// qqgqqgqqg += , it is possible to write: 
 
( ) ( ) ( )[ ]ννσµµσµννµµννµνµµµ
ν
ν
µ
µ
ν
µ
µ
ν
µ
µ
Γ−Γ+Γ−Γ+Γ=
Γ+Γ+Γ=− −−
//
4
1/
4
1
/
4
1/
4
111 )(')'('
qqgqqqqqq
qqqqqpSpS FF
. (4.11) 
 Determining the transverse part of the vertex function is to date an unresolved problem, 
and many different ad hoc approachs have been taken. [6],[7],[8] In the approach leading to 
(4.11), the ansatz is provided by the definition of covariant differentiation in momentum space, 
and specific terms arise from the contraction ανσµσ
να
µα
α Γ+Γ gg  of the covariant derivative terms 
µσαν
σ
σνµα
σ gg Γ+Γ  see (4.6), (4.2).  In (4.11) this yields a longitudinal (divergence) term of the 
form µµqΓ , a transverse (curl) term of the form ( )µννµνµ Γ−Γ qqq / , and an additional term of the 
form ( ) ( ) ννσµµσµννµ Γ−Γ // qqgqq .[9]  Yet, these terms are all contracted to scalars, so the 
propagator form )(')'(' 11 pSpS FF −− −  remains intact and it is unnecessary to construct new forms 
such as the commonly-used µνµν σσ )(')'(' 11 pSpS FF −− + , or forms involving 5γ , for example. 
[6], [7], [8], [9]  
 Having established these simple, yet fundamental formal connections, it becomes critical 
to show that these results do not conflict with any experimental results, starting with the 
anomalous magnetic moment.   That is, we need to show that a Lagrangian density with a metric 
tensor µνµν Γ=g ,  and µΓ  in place of µγ  at all vertexes, can describe the magnetic anomaly with 
equal facility as a Lagrangian density with µνµν η=g , and with µΓ  only at the ψψ µµ Ae Γ  vertex. 
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 Before moving to this next task, using βα
µ
αβµ /2 ),0,(),0,( pppFpp Γ=Γ  from (4.4), we 
pause to calculate the momentum space Riemann tensor ),0,( ppR βµνα .  Because the Feynman 
graph  is equivalent to Figure 2 with 0=q , this means that 
ν
µν
ν
µν
/),0,(),0,( ppgppg = .  Since, these covariant and ordinary derivatives are equal, we 
anticipate that 0),0,( =ppR βµνα .  This can serve as a check on everything derived so far, so let’s 
see if this is so. 
 As in spacetime, we define the Riemann tensor βµναR  in momentum space as a measure 
of the degree to which covariant derivatives do not commute, i.e., µνβνµβαβµν
α
 −≡ AAAR .  
We also note from (4.4), that because the Christoffel-type connections αβµΓ  contain µΓ , in 
general, they will not commute.  Thus, for βµναR  in momentum space, we write: 
 ( ) ( )βµσσνασναβµσβνσσµασµαβνσµβνανβµαβµνα ΓΓ+ΓΓ−ΓΓ+ΓΓ+Γ+Γ−= 2121//R . (4.12) 
If the αβµΓ  do commute as in spacetime, then (4.12) is identical to the usual definition of βµναR .  
However, if the αβµΓ  do not commute, the usual βµναR  expression, when contracted, leads to the 
Ricci tensor βµR  being non-symmetric, µββµ RR ≠ .  If we impose the requirement that 
µββµ RR = , then it is necessary to employ ( ) ( )βµσσνασναβµσβνσσµασµαβνσ ΓΓ+ΓΓ−ΓΓ+ΓΓ+ 2121  to 
achieve µββµ RR =  in the face of non-commuting αβ
µΓ . 
 Now, we calculate.  Substituting ),0,( ppαβµΓ  from (4.4) into (4.12) first yields: 
 ( ) ( )
( ) ( )µβνσσανσµβασνβµσσαµσνβασ
µνβ
α
νβµ
α
νµβ
α
µβν
αβµνα
////
2
22
1
////
2
22
1
////2////2
ppppFppppF
ppFppFR
ΓΓ+ΓΓ−ΓΓ+ΓΓ+
Γ+Γ+Γ+Γ−=
. (4.13) 
Because the ordinary derivatives commute, 0//// =− µνβνµβ pp , this reduces to: 
 ( ) { }( )
( ) ( )νσµβµσνβσανβµαµβνα
νσµβµσνβ
σαασ
νβµ
α
µβν
αβµνα
////
2
2////2
////
2
22
1
////2
ppppgFppF
ppppFppFR
−+Γ+Γ−=
−ΓΓ+ΓΓ+Γ+Γ−=
. (4.14) 
where in the second line we have employed { }σαασσα ΓΓ+ΓΓ=Γ 2221 F , the anticommutator 
(2.7), with σασα g=Γ .  Now, all with 0=µq , we substitute ( ) ααα γ pFmFF 221 −+=Γ  from 
(3.3), we observe therefore that νανα /2/ pF−=Γ , and we make use of νανα δ=/p , σννσ gp =/  
and σν
σα
ν
αδ gg= , to reduce to: 
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( ) ( )
( ) ( )( )
( ) ( )( )
( ) ( )( ) 0//22
//
2
2
//////
2
2
////
2
2////
2
2
=−−−=
−−−=
−−−=
−+−=
νβµ
α
µ
α
µβν
α
ν
α
νβσµ
σα
µ
α
µβσν
σα
ν
α
νβµσ
σα
µ
α
µβνσ
σα
ν
α
νσµβµσνβ
σα
νβµ
α
µβν
αβµνα
δδδδ
δδ
ppF
pggpggF
ppgpppgpF
ppppgFppppFR
. (4.15) 
We do indeed find that 0),0,( =ppR βµνα , that is, that the ),0,( pp  limit for a non-interacting 
fermion line  describes a zero curvature in momentum space. 
 Because 0),0,( =ppR βµνα , and because the metric tensor is identical to the Minkowski 
tensor, µνµν η=g  whenever all components of the Riemann tensor are equal to zero as here, this 
means that the ),0,( ppg µν  derived from (3.4) must be equal to the Minkowski metric, that is: 
 
( ) ( ) ( ) µννµµννµµνµν ηγγη =+++−+= ppFppFmFFmFFppg 22221221),0,(  (4.16) 
As we shall see in section 8, this equation has utility in the form of a Dirac-type field equation 
operating on a fermion wavefunction, ( ) 0),0,( =− ψη µνµν ppg . 
 One can, and eventually should, calculate the curvature tensor 0),,'( ≠pqpR βµνα  from 
),,'( pqpαβµΓ  in (4.4), thereby generalizing (4.15), both of which generalize  to the full 
interaction vertex for Figure 2, with 0≠q .  We leave this, for now, to a future paper, and to the 
interested reader. 
 All of above, of course, is based on hypothesizing that µνµν g=Γ .  We now examine if 
this hypothesis, which leads to ’ µν
µνν
µν
µν
µν
µ ψψψψψψ FFmAei 41'' −−ΓΓ−∂ΓΓ= , can be 
reconciled with the usual   µν
µνν
µν
µν
µν
µ ψψψηψψηγψ FFmAei 41−−Γ+∂= , and, most 
importantly, can be used to explain the observed magnetic moment anomaly.  After all, none of 
the formal results above are pertinent if the magnetic anomaly cannot be explained equally-well 
using  or using ’.  If, conversely, one can explain the magnetic anomaly on the basis of ’ just 
as well as , then the results derived here, at least insofar as the magnetic anomaly is concerned, 
are not falsified by experimental observation.  This crucial examination, now carried out in 
detail, will be the main subject of sections 5 through 7. 
 
5.  The Classical Hamiltonian and the Magnetic Anomaly, in the Customary Derivation 
 
 In this section, we examine the magnetic anomaly utilizing the customary Dirac 
Lagrangian density  µν
µνν
µν
µν
µν
µ ψψψηψψηγψ FFmAei 41−−Γ+∂= .  This is to establish a 
baseline for later comparison.  In section 6, we will derive the anticommutators µνΓ  for a photon, 
which is a necessary intermediate result.  In section 7, we will see how to reconcile the 
Lagrangian density  with ’ µν
µνν
µν
µν
µν
µ ψψψψψψ FFmAei 41'' −−ΓΓ−∂ΓΓ= , in the 0=µA , 
0=µq  limit, using the µνΓ  to be derived in section 6 as the covariant metric tensor.  That is, we 
show how to reconcile  with a Lagrangian’ in which { } µννµµν g=ΓΓ=Γ ,21  is employed as the 
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metric tensor and µΓ  is employed at all vertexes, and in which the only difference between  
and ’ is that there subsists a particular set of relationships between e  and 'e , m  and 'm , and 
µp  and 'µp , such that  ),,( µpem  = ’ )',','( µpem . 
 To begin with, we briefly review how  is renormalized.  The total bare QED Lagrangian 
density, absorbing the infinite, divergent quantities, and including the finite, convergent 
contribution µΛ  to the fermion-photon vertex via the substitution µµµµ γγ Λ+=Γ , is (see 
[5], equation (9.132)): 
 
B ν
ν
µ
µ
µν
µν
µ
µε
µ
µ ψψψψµψγψ ;;32134112/2 )( AAZFFZAmAZeiZ −−+−Γ+∂= . (5.1) 
All of the bare objects implicit in the above are renormalized using “infinite” constants according 
to (see [5], equations (9.111), (9.134), (9.125), (9.113)): 
 
mmAmZmAZAZeZ
Z
Z
eeZ BBBB δµµψψ µµεε +=+===== −−− )(;;; 125.35.32/5.3
2
12/5.
2 ,(5.2) 
where the Ward identity considered in the previous sections leads to 21 ZZ = , [5], equation 
(7.129).  For one-loop QED renormalization, we have ([5], equation (9.133)): 
 
piε
α
εpipiε
α
εpipiε
α
εpi
mmeAeZeZZ 2
2
;
3
21
6
1;
2
1
8
1 2
2
2
2
32
2
21 −=−=−=−=−=−== , (5.3) 
where 0→ε  drives each of these constants to infinity, while the Ward identity ensures 
renormalizability to all orders.  Combining (5.1) and (5.2) leads readily to: 
 
B ν
ν
µ
µ
µν
µν
µ
µ
µ
µ ψψψψψγψ ;;2141 AAFFmAei BBBBBBBBBBB −−−Γ+∂= . (5.4) 
The renormalizability of the above allows us to represent the observed, dressed, physical 
Lagrangian as: 
 
 ν
ν
µ
µ
µν
µν
µ
µ
µ
µ ψψψψψγψ ;;2141 AAFFmAei −−−Γ+∂= . (5.5) 
where the physical value of each of the quantities above is arrived at using (5.2) to absorb the 
logarithmically-divergent infinities of the bare quantities. 
 We shall now examine this customary Lagrangian (5.5), using the corresponding Dirac 
equation in momentum space, in the form ( ) 0)( =−Γ− pumAgepg νµνµνµνµγ , with µνµν η=g .  
It is very important to observe four things here:  First, the metric tensor is regarded to be 
µνµν η=g  because gravitation, at least as it is understood at present, is presumed to be something 
which may be entirely neglected when considering, say, the interaction of a fermion field 
quantum (e.g., electron) with an electromagnetic field quantum (i.e., photon) at observable 
energies.  Thus, it is µνη  which is used to raise and lower spacetime indexes and generally to 
couple objects together in spacetime.  Second, the finite perturbative correction µΛ  in 
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µµµ γ Λ+=Γ  is employed in the electron / photon vertex term ψηψ νµνµ Ae Γ , but only in this 
term.  Third, in contrast, the kinetic energy term ψηγψ νµνµ ∂i  employs the bare vertex µγ  and 
not the perturbative vertex µµµ γ Λ+=Γ .  Fourth, nowhere is the anticommutator µνΓ  employed. 
 Substituting µνµν η=g  and (3.1) with photon momentum ( )µµ ppq −≡ '  hence 
( ) µµµ qppp +=+ 2'  into ( ) 0)( =−Γ− pumAgepg νµνµνµνµγ , yields: 
 
( ) ( )( )( ) 0)(21221 =−+−+− pumAqpFmFFep νµνµµµνµνµ ηγηγ . (5.6) 
This is equivalent to the paired equations in the Dirac representation: 
 
( ) ( ) ( )( )[ ] ( )( )
( )( ) ( ) ( ) ( )( )[ ]

=+⋅+++−+−−+−⋅
=+−⋅−−⋅+−+++−
0
0
2
1
2
1
22121
212
1
2
1
221
vmeeEFemFFEuemFF
vemFFumeeEFemFFE
AqpAp
ApAqp
φωφσ
σφωφ
. (5.7) 
Here, σ  are the Pauli spin matrices, the photon momentum ( )zyx qqqq ,,,ωµ = , the 
electromagnetic field potential ( )zyx AAAA ,,,φµ = , the energy-momentum vector for the fermion 
is ( )zyx pppEp ,,,=µ , )( pu  is the two-component particle spinor, )( pv  the two-component 
antiparticle spinor, and m is the rest mass of the fermion.  These are combined by isolating )( pv  
and inserting the resulting expression into the equation for )( pu , to yield the classical 
Hamiltonian H: 
 
( ) ( ) ( )[ ]
( )( ) ( )( )
( ) ( ) ( )( )Aqp
ApAp
Aqp
eeEFemFFmE
emFFemFF
eeEFemFFmEH
⋅+++−+−+
+−⋅+−⋅
+
⋅+−+−+=−=
2
1
2
1
221
2121
2
1
2
1
221
φωφ
σσ
φωφ
. (5.8) 
 From there, we reduce as usual, based on the relationship kijkijji i σεδσσ += ,  the 
quantum mechanical substitution µµ ∂→ ip  and the electromagnetic field µννµµν AAF ∂−∂= , 
applied in the form:  
 
( )( ) ( )( )
( )( ) ( )( )
( )( ) ( ) BAp
pAApAp
ApAp
⋅+−+−=
×+×+⋅−+−=
+−⋅+−⋅
2
2 21
2
21
21
2
21
2121
σ
σ
σσ
mFFeemFF
mFFieemFF
emFFemFF

, (5.9) 
to yield: 
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( ) ( ) ( )( )
( )( )
( ) ( ) ( )( )
( )
( ) ( ) ( )( ) BAqp
Aqp
Ap
Aqp
⋅
⋅+++−+−+
+
−
⋅+++−+−+
+−
+
⋅+++−++=−=
22
4
2
1
2
1
221
21
2
1
2
1
221
2
21
2
1
2
1
221
σ
φωφ
φωφ
φωφ
m
e
eeEFemFFmE
mFFm
eeEFemFFmE
emFF
eeEFemFFmEH

. (5.10) 
The term on the final line multiplying B⋅−
22
σ
m
e
 is the gyromagnetic ratio g, i.e.: 
 
( )
( ) ( ) ( )( )Aqp eeEFemFFmE
mFFmg
⋅+++−+−+
+
=
2
1
2
1
221
212
2 φωφ . (5.11) 
For a fermion taken in its rest frame mE = , with 0=µA , (5.10) becomes: 
 
( ) ( ) BBB ⋅−=⋅+−=⋅
+
+
−=−=
=
2222
2
22
4
21
21 σσσ
m
eg
m
e
mFF
m
e
mE
mFFm
mEH
mE 
. (5.12) 
Using the Schwinger form factors (2.5), this reduces for mE = , as expected, to: 
 
BB ⋅−=⋅





+−=−=
22222
12 σσ
pi
α
m
eg
m
e
mEH  . (5.13) 
i.e., 
 
pi
α
2
1
2 21
+=+= mFFg . (5.14) 
 In all of the above, which is well-known and describes what is experimentally observed, 
the rest mass m and energy component 0pE =  are understood to represent the observed, 
renormalized rest mass and energy of the fermion, e  and  α  are understood to represent the 
observed, renormalized charge and coupling strengths, and g is understood to be the observed 
gyromagnetic ratio with magnitude determined by the renormalized α .  This is in contrast to all 
of these quantities being in the “bare” form of (5.4).  If one desires to know, for example, how 
the observed charge runs as a function of probe energy, one employs BeZe
2/5.
3
εµ −=  from (5.2).  
At the one loop approximation, using 
εpi 2
2
5.
3 12
1 eZ −≅  from (5.3),  Be
e
e 2/2
2
12
1 εµ
εpi
−≅





+  
which, for  0→ε , yields the differential equation 2
3
12piµ
µ ee ≅
∂
∂
.  The solution to this is the very 
familiar running relationship 





−=
0
2
0
2
0
22 ln
6
)(1)()( µ
µ
pi
µµµ eee .  (See [5], pp. 345-347.) 
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6.  Exact Anticommutators for a Massless Vector Boson  
 
 At this point, we derive the anticommutators µνΓ  for a massless vector boson.  This is 
interesting in its own right, but we derive these at this time is because, when we calculate the 
Hamiltonian H’ for ’ in section 7 to contrast with H for  in section 5, we will need to employ 
these µνΓ  as the covariant metric tensor µνµν Γ=g  to form couplings in spacetime.  So, the main 
purpose of this section is to derive the covariant metric tensor to be used in section 7. 
 We start by considering the anticommutators (2.11) for a photon.  Setting ppq /−/=/ '  and 
( )σσ ppq −≡ ' , we write: 
 
[ ]τσντσµµνµνµν ηηηη qqqFF −/−=Γ 2224121 . (6.1) 
Now, consider the above for a massless on-shell photon with frequency ω  moving along the z-
axis in Cartesian coordinates, i.e., ( )ωωσ ,0,0,=q .  Noting from (6.1) that the off-diagonal 
components 3003 Γ=Γ  will be non-zero by virtue of the 
τσ
ντσµηη qq  term, first, we may write: 
 ( )ωγγγγγγ νµνµµµ 303030333000 Γ+Γ+Γ+Γ=Γ==/ qqq . (6.2) 
Next, we use (6.1) to deduce the pertinent µνΓ  needed in (6.2).  Thus: 
 
[ ] [ ] 22241030322224121332222412100 ;; ωωω FqFFqFF −=Γ=Γ+/+−=Γ−/−=Γ . (6.3) 
Then, substituting (6.3) into (6.2) yields: 
 
( ) ( )( ) ( ) ( )( ) ( ) ωσ σωγγ 





/−−/−
/−−/−
=Γ+Γ+Γ+Γ=/ 22
24
12
1
22
24
12
1
3
22
24
12
1
322
24
12
1
3033
3
0300
0
qFFqFF
qFFqFF
q . (6.4) 
This includes a “recursive” definition of q/  in terms of itself which can, it turns out, be isolated 
using the quadratic equation.  However, the term of interest in (6.1) is 2q/ .  Using (6.4) with 
133 =σσ , this is found to be: 
 ( ) ( )( ) ( ) ( ) ( )( ) ( ) 02222412122241213
22
24
12
1
322
24
12
1
22
24
12
1
22
24
12
1
3
22
24
12
1
322
24
12
12
=







/−−/−
/−−/−








/−−/−
/−−/−
=/ ω
σ
σ
σ
σ
qFFqFF
qFFqFF
qFFqFF
qFFqFF
q . (6.5) 
 This signifies that the photon is massless.  Because 02 =/q  (6.1) simplifies to: 
 
τσ
ντσµµνµν ηηη qqFF
2
24
12
1 +=Γ . (6.6) 
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Although derived for a photon traveling along the z-axis, (6.6) is perfectly general because of its 
Poincaré and general coordinate invariance.  This is the result we will need in section 7, as µνΓ  
will become our covariant metric tensor. 
 While we are here, however, with 02 =/q  removed, we can express all components of 
µνΓ  easily and explicitly.  For a z-propagating photon, these are: 
 














+−−
−
−
−+
=Γ
22
24
12
1
22
24
1
2
1
2
1
22
24
122
24
12
1
00
000
000
00
ωω
ωω
µν
FFF
F
F
FFF
. (6.7) 
 If we now form a tetrad from the photon polarization vectors )(λνε , 1±=λ , a timelike 
vector ( )0,0,0,1=µη , and a spacelike vector µq  as in [5], section 7.1 (Ryder denotes the latter as 
µk ), and if we take µνΓ  in (6.6) to be a metric tensor τσντσµµνµν ηηη qqFFg 224121 += , then the 
spin sum for the physical photon, equation (7.17) in [5], may be written: 
 
νµ
τσ
ντσµνµµννµνµµν
λ
λ
ν
λ
µ ηηηηηηηεε qqqqFFqqg −−+−=−+−=
±=
2
24
12
1
1
)(*)(
. (6.8) 
This then, in the usual manner, leads to a photon propagator: 
 
ε
ηηηηη
ε
εε
σ
σ
νµ
τσ
ντσµνµµν
σ
σ
λ
λ
ν
λ
µ
µν iqq
qqqqFF
i
iqq
i
+
−−+−
=
+
=∆

±=
2
24
12
1
)(
1
*)(
. (6.9) 
 A similar calculation to all of the above can and should be carried out for an on-shell 
massive vector boson with momentum ( )σσ ppP −≡ '  and mass σσ PPM =2  , with the caution 
that there is no known massive vector boson for QED, so that a complete treatment describing 
real physics, must necessarily go beyond QED into non-Abelian interactions such as the weak 
interaction.  We defer this for a future paper, and leave it as well to the interested reader. 
 
7.  Calculation of the Magnetic Anomaly, Using the Anticommutators as a Metric Tensor  
 
 Now, we perform a calculation similar to that of section 5, but for Dirac’s equation 
written as ( ) u(p)u(p) νµνµνµνµ Aemp ΓΓ=−ΓΓ , where µΓ  and µνΓ  appear throughout in place of 
µγ  and µνη .  That is, we use ’ ννµµµνµννµνµνµνµ ψψψψψψ ;;41 AAFFmAei −−−ΓΓ−∂ΓΓ=  in 
contrast to the  ννµµµν
µνν
µν
µν
µν
µ ψψψηψψηγψ ;;41 AAFFmAei −−−Γ−∂=  employed in 
section 5.  Our goal is to prove that we can obtain  ),,( µpem  =  ’ )',','( µpem  for 0=µA , 
0=µq , with a suitable reparameterization of µpem ,, .  We prove this equivalence, by deriving 
the precise mass and charge reparameterization required to render equivalent, the 0=µA , 
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0=µq , hence  Hamiltonians H associated with the Lagrangian density  ),,( µpem , and 
H’ associated with  ’ )',','( µpem .  In this way, it becomes possible to employ the gravitational 
theory in momentum space, as was developed in sections 3 and 4, with µνµν Γ=g , and then to 
simply reparameterize the  ’ )',','( µpem  into  ),,( µpem  to obtain the observed particle 
physics.  To simplify notation we omit the primes for now, and will reintroduce them at the 
appropriate time (in (7.8), below).   
 We start with Dirac’s equation written as ( )( ) 0u(p) =−−ΓΓ meAp ννµνµ  for a charged 
fermion interacting with a photon.  We employ µΓ  from (3.3) and the newly-derived µνµν g=Γ  
for a photon from (6.6), to write this Dirac equation as: 
 
( ) ( )[ ][ ][ ]{ } 022412121221 =−−++−+ umeApqqFFqpFmFF νντσντσµµνµµµ ηηηγ . (7.1) 
Expanding this out results in the paired equations: 
 
( )( ) ( ) ( )[ ] ( ) ( )
( ) ( ) ( )( ) ( ) ( )[ ]



=+−++−+−−⋅+
=−⋅+−−−+−−+
0
0
2
1
2
2
121
2
121
2
1
21
2
12
1
2
2
121
2
1
vmeApqpFFeEmFFFuemFFF
vemFFFumeApqpFFeEmFFF
νν
µν
µµ
νν
µν
µµ
ηφσ
σηφ
Ap
Ap (7.2) 
to be contrasted with (5.7).  Then, combining equations for the particle spinor u, and segregating 
the E and m terms, yields (contrast (5.8), and note that we thus far refrain from identifying the 
Hamiltonian): 
 
( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( )ννµνµµ
νν
µν
µµ
ηφ
σσ
ηφ
eApqpFFemFFmEmFF
eemFFF
eApqpFFemFFF
mEmFFF
−+++−++
−⋅−⋅+
+
−+++=
−+
2
1
2
2
12121
2
21
2
1
2
1
2
2
121
2
1
21
2
1
ApAp
. (7.3) 
Next, we employ the (5.9) analog: 
 
( ) ( ) ( ) ( ) ( ) BAppAApApApAp ⋅−−=×+×⋅−−=−⋅−⋅
2
222 σσσσ eeieeee  (7.4) 
to rewrite (7.3) as: (contrast (5.10)) 
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( )
( ) ( ) ( )
( ) ( )
( ) ( ) ( ) ( )
( )
( ) ( ) ( ) ( ) B
Ap
⋅
−+−+−++
+
−
−+−+−++
−+
+
−+−+=
−+
22
4
2
1
2
2
12121
2
21
2
1
2
1
2
2
12121
22
21
2
1
2
1
2
2
121
2
1
21
2
1
σ
ηφ
ηφ
ηφ
νν
µν
µµ
νν
µν
µµ
νν
µν
µµ
m
e
peAqpFFemFFmEmFF
mFFmF
peAqpFFemFFmEmFF
emFFF
peAqpFFemFFF
mEmFFF

. (7.5) 
From this, we may extract the gyromagnetic ratio:  (contrast (5.11)) 
 
( )
( ) ( ) ( ) ( )ννµνµµ ηφ eApqpFFemFFmEmFF
mFFmFg
−+++−++
+
=
2
1
2
2
12121
2
21
2
12
2
. (7.6) 
Now, consider when 0=µA , 0=µq .  From Weinberg’s form factor (11.3.31) in [4], reproduced 
as (2.13), 0=µq  also means 1)0( 21 ==qF .  Thus, (7.5) becomes, for ),0,()',,( pppqp = : 
 
( ) ( )( ) B⋅+++
+
−=−+
221
141
22
2
2
22
σ
η
η
ν
µν
µ
ν
µν
µ
m
e
ppFmEmF
mFmppFmEmF  , (7.7) 
 Now, we saw from (4.16), that µνµνµν η=Γ= ),0,(),0,( ppppg , since 0),0,( =ppR βµνα , 
(4.15).  So, we set µνµνη g=  in νµνµη pp  , thus 2222 mFpgpFppF == νµνµνµνµη .  We then 
consolidate, and in view of this extra mass term 222 mFppF =
ν
µν
µη , subtract 22mF  from each 
side.  Now, we can identify the classical Hamiltonian as: 
 
( )( ) ( ) BB ⋅−=⋅
+
+
−=−+=
2'2
'
'
2'2
'
''
''1'4
''''1)',0,'(' 22
σσ
m
eg
m
e
mE
mFm
mEmFppH  . (7.8) 
Above, we have introduced the “prime” notation for all of the physical quantities appearing in 
the above, including the form factor '2F  because this is a function of both piα 4/
2e=  and m, see, 
e.g., (2.5).  Note, however, that B does not receive a prime denotation, because it represents the 
experimentally-applied magnetic field interacting with the magnetic moment.  Above, 
distinguish 'p  from that in ( )µµ ppq −≡ '  by context. 
 Now, we require that 'H  above be equivalent to H appearing in (5.12), i.e., we demand: 
 
( )( ) ( )
( )( ) ( ) BB
BB
⋅−=⋅
+
+
−=−=≡
⋅−=⋅
+
+
−=−+=
2222
141),0,(
2'2
'
'
2'2
'
''
''1'4
''''1)',0,'('
2
2
2
σσ
σσ
m
eg
m
e
mE
mFm
mEppH
m
eg
m
e
mE
mFm
mEmFppH


, (7.9) 
where we have also set 0=µq  hence 1)0( 21 ==qF  for the H derived in (5.12). 
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 Comparing, we see that the gyromagnetic terms are identical in form, but the 
Hamiltonian terms do not appear to be, because in (7.9) there is an additional factor of ''1 2 mF+  
multiplying '' mE − .  In fact, this is to be expected: when all is distilled, this is the upshot of 
changing the kinetic term in the Lagrangian from ψηγψ νµνµ ∂i  to ψψ νµνµ ∂ΓΓi .  The correction 
''1 2 mF+  now applies to mEH −=  as well as the gyromagnetic term.  Now, we need relate 'E , 
'm  and 'e  to E , m  and e  on an individual basis, to render 'HH = . 
 Referring back to (5.1) through (5.5), especially (5.2), we see that renormalization is 
effectively a reparameterization of various physical objects appearing in the Lagrangian where 
the objects being reparameterized happen to be divergent, and the coefficients (5.3) used to 
reparameterize are designed to be infinite as 0→ε  so as to counteract these divergences.  Here, 
we follow a similar course, but reparameterize as between finite objects in the Lagrangian. 
 First, we may render the mE −  terms in (7.9) equivalent if we reparameterize the mass m 
and the energy component E with: 
 
( ) ( ) '''1;'''1 22 EmFEmmFm +=+= . (7.10) 
Substituting (7.10) back into (7.9) then yields: 
 
( ) ( )
( ) BB
BB
⋅−=⋅
+
+
−=−=≡
⋅+−=⋅
+
+
−=−=
2222
14
2
''1
2
'
'
22
'''14
'
2
2
2
2
σσ
σσ
m
eg
m
e
mE
mFm
mEH
mF
m
eg
m
e
mE
mFm
mEH


, (7.11) 
 Now, the mE −  terms are identical, but the gyromagnetic terms are no longer so because 
of the substitution ( )''1/' 2 mFmm +→  in the 
'2
'
m
e 
 term.  To absorb this, we need to equate the 
middle terms using a similar reparameterization of e.  This is achieved by requiring: 
 
( ) ( ) '''11 222 emFemF +=+ . (7.12) 
Substituting this into (7.11) then yields: 
 
( ) ( )
( )
( ) BB
BB
⋅−=⋅
+
+
−=−=≡
⋅
+
+
−=⋅
+
+
−=−=
2222
14
22''1
1
'
22
14
'
2
2
22
σσ
σσ
m
eg
m
e
mE
mFm
mEH
m
e
mF
mFg
m
e
mE
mFm
mEH


. (7.13) 
All terms except for the final term are now equivalent.  For this final step, we reparameterize the 
magnetic moment itself, by setting: 
 
( ) ( ) 2
4
''1
'
1 22
mE
mE
m
mF
g
mF
g =
→
+
=
+
=
+
, (7.14) 
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so that (7.13) becomes: 
 
( )
( ) BB
BB
⋅−=⋅
+
+
−=−=≡
⋅−=⋅
+
+
−=−=
2222
14
2222
14
'
2
2
σσ
σσ
m
eg
m
e
mE
mFm
mEH
m
eg
m
e
mE
mFm
mEH


, (7.15) 
Thus, by reparameterizing according to (7.10), (7.12) and (7.14), the Hamiltonians 
),,,0,()',',',0,'(' emppHemppH ≡  are completely equivalent, describing identical observable 
physics, and in particular, identical, observable magnetic anomalies.  These can also be 
combined, and expressed in terms of the gyromagnetic ratio, also shown in the mE =  limit, by: 
 
'
2
'
2
''
44
;'
2
'
''
4
22
e
g
e
g
eg
m
mE
eg
m
mE
m
g
mmg
m
mE
m
mEmE






=→




 +
=




 +
=→
+
=
==
. (7.16) 
To first order in α , with form factors (2.5), these reparameterizations, for mE = , lead to: 
 






+=





+=





+





+=
pi
α
pi
α
pi
α
pi
α
2
12;'
2
'1
2
1;'
2
'1
2
geemm , (7.17) 
which includes the Schwinger magnetic anomaly, as is required.  And so, we have met the 
objective of the proof of sections 5 through 7.  Because ( ) '''1 20 EmFEp +==  is the time 
component of the vector µp , we also may generalize (7.10) to: 
  
( ) ( ) ( ) '''1;'''1;'''1 222 µµ pmFpmFEmFE +=+=+= pp . (7.18) 
 What we have demonstrated is the following:  In the 0=µA , 0=µq  limit, Lagrangian 
density ’ ννµµµν
µνν
µν
µν
µν
µ ψψψψψψ ;;41'' AAFFmAei −−−ΓΓ−∂ΓΓ=  can indeed be made to 
describe the identical physics as  ννµµµν
µνν
µν
µν
µν
µ ψψψηψψηγψ ;;41 AAFFmAei −−−Γ−∂= , 
if and only if the “primed” quantities in ’ are related to observed quantities in  according to 
(7.10), (7.12) and (7.14).  With these relationships, we do indeed obtain H= 'H , using the 
Hamiltonians of section 5 and of the present section 7.  Given this correspondence in the 0=µA , 
0=µq ,  limit, this means that if the relationships (7.10), (7.12) and (7.14) hold true, then 
the anticommutator µνΓ  derived in (2.11) can be used as a metric tensor µνµν Γ=g  for 0=µA , 
0=µq  in ’ to describe exactly the same physics as .  Therefore, at least so far, µνΓ  is not 
falsified from being used as a metric tensor. 
 To summarize most concisely, we have found that for 0=µA , 0=µq , i.e., : 
 
 ( ) ( ) ( ) ( )( )'''1,'''11,'''1 22222 µµ pmFpemFemFmmFm +=+=++=  =  ’ )',','( µpem  (7.19) 
or, in terms of the gyromagnetic ratio, for mE = : 
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 







=





== '
2
'
,'
2
'
2
,'
2
'
2
µµ pgpegegmgm  =  ’ )',','( µpem  (7.20) 
 All of the results above, are based on considering a non-interacting fermion line 
.  A similar calculation to all of the above can and should be carried out for 0≠µA , 
0≠µq , and therefore for the generalized vertex of Figure 2.  Here, we should not expect   =  ’ 
precisely, but rather, should expect   ≅   ’ for  0≅µA , 0≅µq .  Thus, any differences found 
between   ≅   ’ can be used as the basis for experimental testing.  Such a generalization to 
)',,( pqp  would need to be based on a full comparison and reparameterization as between (5.10) 
and (7.5), with the mass terms from νµνµη ppFF 221  subtracted from each side to identify the 
Hamiltonian, generalizing the approach that led to (7.8).  In this calculation, one needs to 
reparameterize more-widely, including µA , µq , 1F  and 2F  in addition to µpem ,, .  We leave the 
details of this generalization to a future paper, or, to the interested reader. 
 
8.  Gauge Symmetry Using the Momentum Space Metric Tensor, and the Metric Tensor as 
an Operator on Fermion Wavefunctions 
 
 At this point, we have derived the primary results of this paper, which are to show that, if 
one employs the µνµν g=Γ  hypothesis, then the Ward-Takahashi identities provide a natural 
theoretical foundation for representing QED quantum field theory in a geometrodynamic 
momentum space leading to an understanding of interaction as curvature, see Figure 2; and also, 
to show that the µνµν g=Γ  hypothesis, at the very least, is not falsified by the observable 
magnetic anomaly because this magnetic anomaly can be fully described using a metric tensor  
µνµν g=Γ  in  ’ for  0=
µA , 0=µq , as just proven.  From here, we will present several other 
results of interest, toward further future development. 
 Let us now turn back to where we left of at the end of section 4, with equation (4.16) 
which we now use as the operator equation ( ) 0),0,( =− ψη µνµν ppg .  The purpose of the 
discussion in the current section is to provide a brief introduction to how µνg  in momentum 
space can be employed to operate on Fermions.  Once again, we consider the 0=µA , 0=µq  
limit, for a non-interacting fermion line , which also means 11 =F , see (2.13).  Once 
again, further generalizations are possible and desirable for 0≠µA , 0≠µq , and thus for the 
generalized vertex of Figure 2, but we defer these to a future paper and the reader’s own interest. 
 We begin by specifying the wavefunction for a fermion field quantum in the usual way: 
 
σ
σψ xipepu −= )( . (8.1) 
With this, we use the ),0,( ppg µν  derivable from in (3.4) to operate on ψ , thus writing (4.16) as 
the field equation (in this section, ),0,( pp  is to be understood unless stated otherwise):  
 
22 
( ) ( ) ( ) ( )[ ]ψγγηψη νµµννµµνµνµν ∂∂−∂+∂+−+==− 22222222 120 FFmFimFmFg . (8.2) 
The final term makes use of ψψψ νµνµνµ ppFpiFF 222222 =∂=∂∂− . 
 Now, as we do with Dirac’s equation, we form an adjoint equation.  First, we take the 
Hermitian conjugate of (8.2), to write: 
 ( )
( ) ( ) ( ) 00†2200†00†22222200†
††
12
0
γγψγγγψγγγψηγγψ
ηψ
νµνµµνµν
µνµν
∂∂−∂+∂+++=
=−
FFmFimFmF
g
, (8.3) 
where we have employed the usual 00† γγγγ µµ = , as well as 001 γγ= .  Now, we multiply from 
the right by 0γ , and set 0†γψψ = .  We also observe from (3.4), that 00† γγ µνµν gg =  applies 
generally for ),,'( pqp  as well as for the ),0,( pp  limit, thus, µνµν γγ gg 00† = .  With all of this, 
we may write (8.3) as: 
 
( ) ( ) ( ) ( ) ( )( ) ( )[ ]ψγψγψηψηψ νµνµµνµνµνµν ∂∂−∂+∂+++==− 22222222 120 FFmFimFmFg .(8.4) 
Then, we multiply (8.2) from the left by ψ , (8.4) from the right by ψ , and add, to obtain: 
 ( ) ( )
( ) ( ) ( ) ( ) ( )[ ]
( ) ( )[ ]ψψψψ
ψγψψγψψγψψγψ
ψψηψηψ
νµνµ
µννµνµµν
µνµνµν
∂∂+∂∂−
∂−∂+∂−∂++
+==−
2
2
22
22
22
1
2202
F
FmFi
mFmFg
. (8.5) 
 Now, before going any further, let us insist on making (8.5) invariant under a local U(1) 
gauge transformation ψψψ µ )(' xiae=→ .  Thus, in the usual manner, we must replace µ∂  by the 
gauge-covariant derivative: 
 
ψψψψ µµµµ ieAD −∂=→∂ ;   ψψψψ µµµµ ieAD +∂=→∂ * . (8.6) 
To be clear, because we are considering  0=µA , 0=µq  at the moment, the gauge-covariant 
derivative (8.6) is in this instance reverts to the ordinary derivative, µµ ∂=D .  However, we will 
briefly carry the µieA  term, not because it is part of the final result here, but rather, because it 
illustrates how gauge symmetry is introduced into a theory which employs the momentum space 
metric tensor µνµν g=Γ . 
 With this, (8.5) becomes: 
 
( ) ( )
( ) ( ) ( ) ( ) ( )[ ]
( ) ( )[ ]ψψψψ
ψγψψγψψγψψγψ
ψψηψηψ
νµνµ
µννµνµµν
µνµνµν
**2
2
**
22
22
22
1
2202
DDDDF
DDDDFmFi
mFmFg
+−
−+−++
+==−
. (8.7) 
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Now, we make explicit use of (8.6).  Dividing out the factor of 2, and making use of ( ) ( ) ( ) ( )( ) ( )( )ψψψψψψψψψψ νµµννµνµνµ ∂∂+∂∂+∂∂+∂∂=∂∂ , the result is: 
 
( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )[ ]
( ) ( )( ) ( )( )
( ) ( )[ ] ( ) ( )[ ] 	






−∂−∂+∂−∂+
∂∂−∂∂−∂∂
−
++∂−∂+∂−∂++
+==−
ψψψψψψψψψψ
ψψψψψψ
ψγψψγψψγψψγψψγψψγψ
ψψηψηψ
νµµµνννµ
νµµννµ
νµµνµννµνµµν
µνµνµν
AAeieAieA
F
AAieFmFi
mFmFg
2
2
22
1
222
1
22
22
2
21
20
. (8.8) 
 Next, we  lower one of the indexes and contract, and use ψγψ µµ ≡J , to write out the 
trace field equation: 
 [ ]( )
( ) ( ) ( )[ ]
( ) ( )( ) ( ) ( )[ ][ ]ψψψψψψψψψψ
ψγψψγψ
ψψ
µ
µµµ
µ
µ
µµ
µ
µ
µµ
µµ
µ
AAeieAF
JieAFmFi
mFmF
22
22
1
222
1
22
22
222
4221
240
−∂−∂+∂∂−∂∂−
+∂−∂++
+=
. (8.9) 
 This can further be reduced using the Dirac equation ( ) 0=−∂ ψψγ µµ mi  for a free 
Fermion and its adjoint equation ( ) 0=+∂ ψγψ µµ mi .  Normally, one adds these to obtain the 
continuity equation ( ) 0=∂ ψγψ µµ  for the conserved Noether current.  But we can also take their 
difference to obtain ( ) ( ) ψγψψγψψψ µµµµ ∂−∂= iim2 .  Substituting this into (8.9) and 
consolidating, including dividing out an 2F  from 
2
2F , then yields: 
 ( ) ( ) ( )( )[ ]
( ) ( ) ( )[ ] ψψψψψψ
ψψψψψψ
µ
µµµ
µ
µ
µ
µ
µµ
µ
AAeFAieFJeAmF
FmF
2
222
2
1
2
2
2
12
40
−∂−∂+++
∂∂−∂∂+=
. (8.10) 
We especially note the appearance of terms with the field combination ψψ  which appears in 
fermion mass terms ψψm , as well as interaction terms µµ JeA  with the fermion current density 
µµψγψ J= .  Most interestingly, the term ψψµµ AAeF 22  is in the nature of a fermion mass term, 
yet it arises solely by appeal to local gauge symmetry.  And, contained within this term, is the 
term µ
µ AAe2 , which is in the nature of a vector boson mass term (which, following electroweak 
spontaneous symmetry breaking, becomes zero for the photon). 
 As noted above, because (8.8), (8.10) above are based on the metric tensor 
),0,(),,'( ppgpqpg µνµν = , the µA  appearing in the above is zero in any event, 0=µA , and the 
graphs being described are .  Having carried the µA  this far to illustrate how gauge 
symmetry may be introduced in conjunction with a momentum space metric tensor µνµν g=Γ , 
we now set 0=µA .  Thus, (8.8) and (8.10) respectively reduce to: 
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( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]
( ) ( )( ) ( )( )[ ]ψψψψψψ
ψγψψγψψγψψγψψψη
νµµννµ
µννµνµµνµν
∂∂−∂∂−∂∂−
∂−∂+∂−∂+++=
22
1
22
1
2 120
F
mFimmF
. (8.11) 
( )( ) ( )( )ψψψψ µµµµ ∂∂−+∂∂= 221 40 m . (8.12) 
 It is also of interest to obtain a Lagrangian formulation of the above.  For this, we start 
with each of (8.2) and (8.4), respectively, in contracted form: 
 
( ) ( ) ( ) ( )ψψψγ µµµµ ∂∂++−∂++= 222 24120 FmmFimF  (8.13) 
( ) ( ) ( ) ( )ψψγψ µµµµ ∂∂++−∂+−= 222 24120 FmmFimF , (8.14) 
The Lagrangian density for both of the above is then: 
 
 ( ) ( ) ( )( )ψψψψψγψ µµµµ ∂∂−+−∂++= 222 2412 FmmFimF , (8.15) 
which is straightforward to verify using ( ) 




∂
∂
−
∂∂
∂∂
ψψµ
µ
 = 0  and ( ) 





∂
∂
−
∂∂
∂∂
ψψµ
µ  = 0  
for each of ψ  and ψ  taken as independent field variables.  Note, while terms involving 
ψγψ µµ∂i  and ψψm  both appear in the Lagrangian density for the Dirac equation and a term 
( )( )φφ µµ ∂∂ †  appears in the Klein-Gordon equation and is used in connection with the non-
Abelian gauge group product SU(2)xU(1) to reveal vector boson masses in electroweak theory, 
that the Lagrangian term ( )( )ψψ µµ ∂∂ , which originates in the νµ pp  term of (3.2), does not 
appear anywhere in the standard model.  Let us, therefore, look more closely at this new term. 
 While 0=µA  for the non-interacting  approximation considered here, we can 
gain a sense for how this Lagrangian density looks when we require local gauge symmetry.  
Using (8.6), (8.15) becomes: 
 
 ( ) ( )( ) ( ) ( ) ( ) µµµµµµµµ ψγψψψψψ JeAmFmFiFAAeFmFm 2222222 121248 +−∂+−∂∂+++= .(8.16) 
Using the first order 
m
F 1
22 pi
α
=  from (2.5), a Fermion mass-type term above is shown to be: 
 
mass ψψ
pi
α
pi
α µ
µ
m
m
AAe








++= 2
2
2
28 , (8.17) 
and, in particular, the term ψψ
pi
α µ
µ
m
m
AAe
2
2
2
 has arisen from the new Lagrangian term 
( )( )ψψ µµ ∂∂  in (8.15), strictly by employing local gauge symmetry. 
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 The above discussion illustrates several points for further development.  First, the 
µνµν g=Γ  can be used as operators on fermion wavefunctions, just like the Dirac µγ .  Indeed, 
(8.2), written as ( ) 0),0,( =− ψη µνµν ppg , is in the nature of a field equation which after 
contraction as in (8.13) is quite analogous to Dirac’s equation with some perturbative 
coefficients and with an added term ψµµ∂∂ .  Second, once we employ the wavefunction 
σ
σψ xipepu −= )(  in (8.1) to write (8.2), we can transform over from a description of physics in 
momentum space, to ordinary spacetime, in the usual manner.  Third, once we start to utilize 
terms like ψµ∂ , gauge symmetry is easily introduced through the usual substitution 
µµµµ ieAD −∂=→∂ , and its non-Abelian generalizations which apply, for example, to weak 
and strong interactions.  Fourth, when we sandwich the metric tensor between two 
wavefunctions in the form ψψ µνg  as in (8.8), or form a Lagrangian as in (8.16), terms of the 
form σσ AAe
2
, as well as ψψm , as well as µµψγψ J= , as well as µµ JeA , all make very natural 
appearances.  Fifth, the term ( )ψψνµ AAe2  in (8.8), and its contraction ( )ψψσσ AAe2  in (8.9), 
(8.10), (8.16), (8.17), which is an admixture of the form for both boson and fermion masses, only 
comes into being because of the imposition of gauge symmetry, and does not exist otherwise.  
Because a significant challenge is to have fermion mass terms ψψm  arise in the Lagrangian, not 
by hand, but by appeal to local gauge symmetry in the same manner that vector boson mass 
terms arise in electroweak theory, and in a way that is therefore predictive of those masses in 
relation to known parameters such as the Fermi vacuum expectation value (vev) and running 
interaction couplings, the fact that a term involving ψψm  multiplied by a scalar µµ AAeF 22  can 
indeed be raised into being solely by appeal to local gauge symmetry, may contribute to a better 
understanding of why fermions have their particular observed mass values. 
 Finally, as noted earlier, further generalizations are possible and desirable for 0≠µA , 
0≠µq  and thus the generalized vertex of Figure 2.  The most important difference is that one 
starts with the full equation (3.2), which contains the term ( ) ( )νµ ppppF ++ ''2241 , (versus 
νµ ppF 2241  used here) and one must then employ the two separate field variables 
)()( pppi ψψ µµ =∂  and )'(')'( pppi ψψ µµ =∂− .  The term ( ) ( )νµ ppppF ++ ''2241 , above, for 
0=µq , is what led to ( )( )ψψ µµ ∂∂  and then to ψψpiα µ
µ
m
m
AAe
2
2
2
 when we considered, for 
illustration only, the consequences of imposing a local gauge symmetry.  This full generalization 
based on (3.2) is deferred to a future paper and the reader’s interest. 
 
9.  Summary and Conclusion: Geometrodynamic Measurements in Momentum Space 
 
 All of the results derived here are based on a hypothetical: what would the physics look 
like if the anticommutators { } { }νµµννµµν ΓΓ=ΓΓ+ΓΓ≡Γ ,2121  derived in (2.11) and (3.2) were 
to be regarded as a metric tensor? 
 Because the anticommutators are a function of particle momentum, )',,( pqpµνΓ , and not 
of spacetime coordinates µx , we saw in sections 3 and 4 that the µνµν Γ=g  hypothesis enables 
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us to take covariant derivatives and determine the Riemann curvature tensor βµναR  in 
momentum space fully analogously with how this is done in general relativity in spacetime.  The 
Ward identity stands at the heart of this approach, because covariant differentiation in 
momentum space is defined so as to ensure the exact validity of the Ward identity.  Further, 
based on this, we obtain a very fundamental result that equation (3.11) and its corresponding 
Feynman graph of Figure 2, via the Ward-Takahashi generalization, tells us that the difference 
between the contracted covariant and ordinary derivatives of the momentum space metric tensor, 
is equal to the scattering vertex times twice the form factor 2F .  This, in turn, tells us that 
interactions produce curvature, or, equivalently, curvature is symptomatic of interactions.  In a 
nutshell, “ curvatureninteractio ∝ .”  It then becomes essential to see if the µνµν Γ=g  hypothesis 
can be reconciled at least with the observed magnetic moment anomaly. 
 Sections 5 through 7 all serve one fundamental purpose: to show that a description of the 
magnetic anomaly, using µνµν Γ=g , can indeed be fully reconciled to the usual description based 
on  ν
ν
µ
µ
µν
µνν
µν
µν
µν
µ ψψψηψψηγψ ;;41 AAFFmAei −−−Γ−∂= , wherein µΓ  appears only in 
the ψηψ νµνµ Ae Γ  term and the metric tensor is taken to be µνµν η=g .  The µνµν Γ=g  hypothesis 
requires that we use ’ ννµµµν
µνν
µν
µν
µν
µ ψψψψψψ ;;41 AAFFmAei −−−ΓΓ−∂ΓΓ= , which 
appears, superficially, to be a different Lagrangian density.  Sections 5 through 7 prove, 
however, that the observable physics described by these two Lagrangian densities can be made 
completely identical in the 0=µq  limit, thus giving us the baseline for generalizations to 0≅µq  
and even to 0>>µq .  In terms of the Hamiltonians derived at great length, these sections show 
that ),;,0,()',';',0,'(' emppHemppH µµµµ ≡ .  In particular, sections 5 through 7 derive, in 
detail, exactly how the physical quantities expressed in one Lagrangian must map into those 
expressed in the other – what we have called “reparameterization” – in order to achieve ’ =   
for 0=µq . 
 In section 8, we examined the use of the metric tensor as an operator on Fermions, and 
showed how this overall approach can be rendered fully compatible with established principles 
of local gauge symmetry, and may be helpful in better understanding the origin of fermion 
masses using local gauge symmetry. 
 Through all of this, we have, in a certain sense, backed into general relativity, expressed 
via a metric tensor in the momentum space of particle physics and quantum field theory.  We 
simply calculated the mathematical anticommutators { } { }νµµννµµν ΓΓ=ΓΓ+ΓΓ≡Γ ,2121  of the 
convergent perturbative µµµ γ Λ+≡Γ , asked what the physics would look like if we employed 
this strictly mathematical entity µνΓ  as a metric tensor µνµν Γ=g , and required that the Ward 
identity be enforced and that the low-energy approximation be identical to what we know is 
observed in relation to the magnetic anomaly.  The rest is sheer calculation.  Now, the frontal 
question of general relativity arises: in spacetime, we know how to take proper time and distance 
measurements using geometrodynamic clocks and rods.  How do we take similar measurements 
when µνg  is specified in momentum space? 
 In spacetime, the differential spacetime elements in a specified choice of coordinates are 
µdx , and the invariant proper length or time is ( ) νµσµν dxdxxgds )(2 = , where )( σµν xg  is a 
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function of the spacetime coordinates σx .  We know what it means to go from having events 
occur on a spacetime manifold, to using a set of coordinates to map out these events, to 
experimentally measuring proper times and distances between those events using 
geometrodynamic clocks and rods.  By analogy, in momentum space, it appears as though we 
should consider differential momentum elements µdp  expressed in some choice of coordinates, 
a metric tensor )',,( pqpgµν  as has been developed and explored in depth here, and, in lieu of 
ds , an invariant differential mass element dm  specified by: 
 
ν
µν
µ dpgdpdm =2)( . (9.1) 
 Now, so far, (9.1) is merely an analogy, not a theory of how to take measurements in 
momentum space.  Of course, it helps that we have a candidate metric tensor )',,( pqpgµν  which 
has already been explored and developed in detail.  So, let’s follow this along a little further. 
 If the momentum space invariant is to be µ
µdpdpdm =2)( , let’s consider what it means to 
integrate over the element dm , that is, to take, say, 
∞
0
1
m
dm
m
.   Such integral is given by:  
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This most basic integral involving σ
µdpdpdm =2)(  yields a term 





0
ln
m
µ
 which is the 
fundamental “probe” term used to specify a particle physics, QFT “observation,” as well as a 
logarithmically-divergent infinity just waiting to be “swept under the rug.”  Of course, it is 
simpler just to write (9.2) without the infinity as: 
 






==Γ= 
0
lnln11 |
0
00
m
mdpdp
m
dm
m m
mm
µµµ ν
µν
µ
µ
. (9.3) 
This is how we take measurements based on an invariant element dm  in momentum space.  The 
“probe factor” =




 µµ
0
1ln
0 m
dm
mm
, specified from νµν
µ dpgdpdm =2)( , integrated over a specified 
range of energies, becomes the “clock” or “rod” used to take measurements in momentum space. 
 Using (9.3) and piα 4/2e= , we may then rewrite the form factor )( 21 qF  in (2.13), as: 
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directly incorporating the invariant element dm  and the anticommutators µνΓ  which we have 
developed here, in detail, as a metric tensor µνµν Γ=g .  In sum, in momentum space, an invariant 
element νµν
µ dpdpdm Γ=2)(  lends itself naturally to taking measurements, by virtue of the usual 
“probe factor” (9.3), and the form factor (9.4) which appears throughout µνΓ  and µΓ . 
 In concluding, we stop short of asserting µνµν Γ=g  as physical reality, but for now, retain 
this as a provisional hypothesis, which, if valid, would lead to all of the results here, as well as to 
perhaps other results not yet explored here.  We have tried here to eliminate a most important 
objection, by showing that a Lagrangian density in which µνΓ  is taken to be the metric tensor 
and in which µΓ  appears at all vertexes, can be made entirely consistent with the Lagrangian 
density customarily employed in quantum field theory which places the perturbative correction at 
the fermion / boson vertex only, and leads to the exact same specification of the magnetic 
anomaly in the 0=µq  limit.  We have also shown how the Ward-Takahashi identities lie at the 
heart of the formal development, and how the µνµν Γ=g  hypothesis is fully compatible with 
gauge theory and may help elucidate the problem of why the elementary fermions have the 
masses they have. 
 If further investigations of this µνµν Γ=g  hypothesis turn up no fundamental 
contradictions, and especially if they should lead to explanations of observations not yet 
explained or to a more accurate description of what is observed, then the hypothesis that 
µνµν Γ=g  may end up commending itself as physical reality.  This would mean, among other 
things, that perturbative corrections can be given a parallel, isomorphic explanation in terms of 
gravitational effects emanating from a metric tensor { }µννµµνµν ΓΓ+ΓΓ≡Γ= 21g , and that 
quantum field theory may well yet find itself in a seamless marriage with geometrodynamic 
gravitational theory. 
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